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Abstract 

Let T be the germ at G C" of a holomorphic foUation of dimension 
d, 1 < d < n, with an isolated singularity at 0. We study its geometry and 
topology using ideas that originate in the work of Thom concerning Morse 
theory for foliated manifolds. Given T and a real analytic function g on 
C" with a Morse critical point of index at 0, we look at the corresponding 
polar variety M — M{F,g). These are the points of contact of the two 
foliations, where J- is tangent to the fibres of g. This is analogous to the 
usual theory of polar varieties in algebraic geometry, where holomorphic 
functions are studied by looking at the intersection of their fibers with 
those of a linear form. Here we replace the linear form by a real quadratic 
map, the Morse function g. We then study F by looking at the intersection 
of its leaves with the level sets of g, and the way how these intersections 
change as the sphere gets smaller. 



Introduction 

In 1964 Rene Thorn wrote a beautiful article [29] explaining how the classical 
ideas of Morse theory can be adapted to studying the topology of non-singular 
foliations on smooth manifolds. The purpose of this work is to adapt those ideas 
to studying the topology of holomorphic foliations near an isolated singular 
point. 

We consider a holomorphic foliation F of dimension d > 1 defined on an 
open neighbourhood U of the origin G C", with a unique singular point at 0. 
To study its topology, we consider a function g onU with a Morse critical point 
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at of index 0, so that its non-critical levels are diffeomorphic to spheres; call 
these simply "spheres" . Look at the restriction of g to the leaves of F. The 
critical points of g\c are the points of contact of J- with the fibres of where 
the leaves of are tangent to the fibres of g. The set of all such points is the 
polar variety of !F relative to g, in analogy with this classical notion in algebraic 
geometry, where the role of g is usually played by linear forms. 

Inspired by the way how J. Milnor studied the topology of complex singu- 
larities in [3T], we want to study the topology of F near by looking at the 
intersection of the leaves of F with a sufficiently small sphere §e , and the way 
how these intersections change as we make the radius of the sphere tend to 0. 
In fact this point of view for studying holomorphic foliations already appears in 
[noil], and this work is very much indebted those articles, specially to [9]. 

Of course the contacts of the leaves of with the fibres of g can be degener- 
ate. If the contacts are all non-degenerate, then we say that carries a Morse 
structure compatible with g, or simply that M carries the Morse structure of 
(7, for short. In the sequel we give various examples of both, degenerate and 
non-degenerate contacts. 

Our first result (Theorem 12. II) is the analogous in our setting of a classical 
result for polar varieties (see for instance [2]): we prove that the restriction of 
g to the leaves of 7^ is a Morse function on each leaf if and only if away from 
0, the polar variety M* ~ M \ {0} is a smooth, reduced, submanifold of C" of 
codimension 2d and M* is everywhere transversal to T. 

The topology of holomorphic foliations near a singular point can be rather 
complicated. In order to have a certain understanding of the behaviour of T near 
we ask for the condition that the polar set M = M{F, g) be real analytic at 0. 
This happens in many interesting families, including all foliations of dimension 
or codimension one. In this case we say that the foliation is contact- analytic 
with respect to the Morse function g. We have (Theorem 13. 3p that if is 
contact-analytic and carries the Morse structure of g, then the corresponding 
polar variety has finitely many irreducible components, say Mi, M,., all of 
them pairwise disjoint away from 0; each of these is smooth away from 0, of 
real codimension 2d, transversal to the foliation and consists of points where 
the contacts have all the same Morse index. 

Using this, we can give the following topological picture of J- near (Theo- 
rem |4?3l): we equip T with the gradient flow on the leaves, i.e., the flow Qj^ of 
the vector field on U obtained by projecting at each point the gradient of g to 
the tangent space of J^. Let be a sufRciently small ij-ballj^entred at 0. This 
ball splits in two disjoint C/jr-invariant sets: the saturated M of M n by 
and its complement K := M. On K the topology is somehow simple and 
the dynamics can be rich, while on M the topology is rich and the dynamics is 
often simpler. 

Each leaf £ in is homeomorphic to a product (£ n S^) x M, immersed 
in C" so that it is transversal to each (/-sphere around and the a-limit of 
each orbit in K of the gradient flow Qj^ is the origin 0. Thus, for each positive 
number e' < e, the leaves of in K meet the g'-sphere Sg' transversally and 
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define a real analytic foliation on it, which can have very rich dynamics. For 
instance |5] , if J-" is defined by a linear vector field in the Poincare domain with 
generic eigenvalues, then the foliation on S^/ actually is defined by a flow which 
is Morse-Smale. 

The picture on M is rather different: the a-limit of GJ^ of each leaf in M 
is the set of points where the corresponding leaf meets the polar variety M. 
The intersection of the leaves of J- with M is always transverse, as described 
above, and the topology of every leaf £ C M is determined by its intersection 
with the boundary sphere, £ n §e, and the points where £ meets M: each such 
intersection point comes with a Morse index, that tells us what type of handle 
we must attach to the leaf when passing through that point. In particular, if 
£ is compact, then its Euler-Poincare characteristic xi^) equals the number of 
intersection points in £ n M, counted with sign. The sign is negative when the 
corresponding Morse index is odd, and positive otherwise. 

For instance, for generic linear actions of C™ in C" in the Siegel domain 
(see [12] and Example 11.51 below), m << n, each Siegel leaf £ is a copy of C" 
embedded in C" with a unique point of minimal distance to 0. The gradient 

flow of the quadratic form (zi, • • • , z„) ^ l^^i P H h l^nP describes each Siegel 

leaf as a cylinder over its intersection with a sphere, £ fl S^"~^ = to 
which we attach a handle of Morse index 0, i.e., a 2m-disc. 

We remark that the topology of the polar varieties that arise in this way can 
be rather interesting. In fact these are all manifolds with a canonical complex 
structure determined by a foliated atlas for (see Remark 12. 5p , and with a 
rich geometry. For instance, when J' is the foliation of a linear flow in the 
Siegel domain with generic eigenvalues and g is the usual metric, the manifold 
Me = M n Se is the space of Siegel leaves of the flow and it has very interesting 
topology [3 [IS] . This type of manifolds has been studied by several authors 
giving rise to the theory of LV-M manifolds (see for instance [TT] [TQ] [20] ) . These 
belong also to an interesting class of manifolds that appear in mathematical 
physics and algebraic topology, called moment- angle manifolds (see for instance 
[5]). On the other hand, the polar varieties associated to non-linear vector fields 
in C" of the form (Aiz^^^^^ • • • ,A„2:^"^^), where the are non-zero complex 
numbers, > 2, and ct is a permutation of the set {1, • • • ,ri}, have been 
studied in [24l[25l[26] in relation with Milnor fibrations for real singularities. In 
all these cases the function that defines the polar variety determines a Milnor 
open-book [21]. The study of this type of singularities has evolved and several 
related lines of research are being pursued by various authors, see for instance 

[a[i[zi[22]. 

Notice that if is a small g-sphere in U around 0, then the intersection of 
the leaves of J- with defines a real analytic foliation J-^ on the sphere, which 
is singular at := n M, where M is the polar variety. Away from the 
leaves of J-^ have real dimension 2d — I. In Section [S] we address the problem 
of studying how the topology of the foliation J> varies as e 0. For instance 
if M = {0}, as it happens for linear vector fields in the Poincare domain, then 
the topology of J> is independent of e. This happens also for generic flows in 
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the Siegel domain, and more generally for generic linear C^-actions on C" in 
the Siegel domain. In [9] it was proved that if T has dimension 1 and all the 
points in M have Morse index 0, i.e., they correspond to local minimal points 
in their leaves, then the topology of J> is independent of e. Here we show that 
the same statement is true for foliations of arbitrary dimension (^Theorem 15. ip . 

Finally, Section [S] is motivated by |T2] , where the authors prove that every 
linear foliation T in C" has associated an invertible symmetric n x n complex 
matrix, and the set of all such matrices that define a foliation that carries 
the Morse structure of Q = + |z2p + • • • + |2„P is dense. In fact their 
complement is a Zariski closed proper subset. Here we look at homogeneous 
foliations of degree fc > 1 and show that up to isotopy, all these carry the Morse 
structure of the usual hermitian metric in C" . 

1 Some definitions and examples 

Recall that if AI is a smooth {— C°°) manifold and g : M — > M is a smooth 
function with isolated critical values, then 5 is a Morse function if its critical 
points are all non-degenerate. Usually it is also asked that different critical 
points correspond to distinct critical values; yet, in this article we ignore that 
condition. The Morse lemma says that in a neighbourhood of a critical point, 
one can choose a coordinate chart such that g takes locally the form: 

g[Xi, Xk, Xm) — 2^1 ••• ' -^k+l ■■■■ < -^m J 

where m is the dimension of M. The number k of negative signs is called the 
Morse index of g at the critical point. Points of Morse index or m correspond 
to local minimal and maximal points respectively. All others are saddle-points. 

In this work M is a neighbourhood U of the origin in C", n > 2, and 
5 : Z// — > M is a Morse function with a unique critical point at of Morse index 
0. Its level surfaces near are diffeomorphic to (2n — l)-spheres. 

The following concept is introduced in |9j for 1-dimensional foliations under 
the name of foliations of Morse-type. See also [23] where these are studied 
in relation with finite determinacy of map-germs, and also |121 113] where the 
concept is studied for certain codimension 1 foliations. We find that the name 
"Morse-type foliation" can be confused with "Morse foliation" (these are real 
codimension 1 foliations which are locally defined by a Morse function). Thus 
we use a different name here. 

Unless stated otherwise, throughout this article is a holomorphic foliation 
of dimension d > 1 defined on U, with a unique singular point at 0, and g is a 
Morse function on U with a unique critical point at of Morse index 0. (See 
[21 HZj for basic material on holomorphic foliations.) A leaf of T means a leaf 
on C/\ {0}. 

Definition 1.1. We say that has a Morse structure compatible with that of 
g if the restriction gc of g to each leaf C of J-, is a Morse function on £. For the 
sake of "compactness" , in the above situation we will often say that J- carries 
the Morse structure of g. 
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The lemma below follows easily from and its proof is left to the reader: 

Lemma 1.2. The critical points of gc are the points where C is tangent to the 
level surfaces of g. 

Denote by M = M{F,g) the set of points in U where the two foliations 
are tangent. Lemma 11.21 says that these are exactly the critical points of the 
restrictions of g to the leaves of J-. These are the points of contact of the two 
foliations in the notation of Thom 29 . We assume, by definition, that this 
set contains 0, since at this point both foliations are singular and their tangent 
spaces are 0-dimensional. 

Definition 1.3. We call M :— M{F,g) the polar set of F with respect to the 
Morse function g. 

For each point z G \ {0}, let £z be the leaf of F that contains z and T^C^ 
its tangent space. Then M* := M \ {0} is: 

M* := {z e W C C" I Re(u, V(7(z)) = , Vu G T^C^} , 

where V g is the gradient vector field and ( , } is the usual hermitian product, 
whose real part is the usual inner product in M^" = C". 

Notice that at each point z e £ we have a vector Vg£(z) £ Tz£z, which is 
the projection to T^C-z, of the gradient vector Vg{z). In fact Vgci^) G Tz,Cz is 
the gradient of the restriction of g to the leaf C^. We thus have a smooth vector 
field Vgjr on U, which is everywhere tangent to the leaves of F. 

Let Qjr be the (local) flow of Vgj^. We call this the gradient flow on the 
leaves of J- for the function g, in analogy with 9^. This flow leaves invariant 
each leaf of F, and at each point moves along its leaf in the direction that 
(travelling backwards) brings it "closer" to with respect to the level sets of 
the Morse function g. 

The fixed points of others than 0, are the points where V(7£(z) is or- 
thogonal to T^Cz- These are exactly the points of contact of F with the fibres 
of g. Hence we have: 

Lemma 1.4. The set M of points where T is tangent to the level hypersurfaces 
of g is the singular set (fixed points) of the gradient flow Qjr. Moreover, T 
carries the Morse structure of g if and only if the singularities of Qjr on each 
leaf are isolated and non-degenerate. 

Examples 1.5. In [S| the authors study the topology of flows defined by a 
linear, diagonal, vector field F in C" with eigenvalues A = {Ai,...,A„}. From 
the viewpoint of dynamics, maybe the most interesting case is when F is in the 
Poincare domain, i.e., the convex hull H(Ai, A„) does not contain the origin 
G C. In this case one has that every leaf is transverse to every sphere around 
the origin G C" and has in its closure. Therefore, topologically, the leaves 
are all cylinders over their intersection with a small sphere Se around 0, i.e.. 
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they are of the form (£n§e) x R. Hence they are immersed copies of either C or 
C*. This is used in [5] to prove the structural stabihty of this type of fohations. 

On the other hand, if is in H(Ai,...,A„) we say that F is in the Siegel 
domain. In this case if the eigenvalues are "generic enough" then by |F there is 
an open dense set M in C" of points that belong to a Siegel leaf. These leaves 
are embedded copies of C which have a unique point of minimal distance to 0. 

The space M* of Siegel leaves is a real analytic submanifold of C" of real 
codimension 2 defined by M* = M \ {0}, where M is given by the equations: 

n 

(F(z),z) :=^A,|z,p = 0. 

1=1 

The topology and geometry of this type of manifolds has been investigated by 
Lopez de Medrano, Verjovsky and Meersseman, obtaining remarkable results 
(see for instance [20] and the bibliography on it). Following [19], consider now 
m linear vector fields in C", n > 2m, Fj = (Ajzi, A^z„), j = 1,...,to. For 
each k = l,...,n, set A*; = (A^,...,A™), so we have n vectors in C™. Assume 
these vector satisfy: 

a) The Siegel condition: G H(Ai, A„). That is, the origin G C™ is in 
the convex hull of the n points in C™ determined by the A^; and 

b) The weak hyperbolicity condition: no hyperplane through any 2m of these 
n points contains 0. 

Meersseman shows that the corresponding linear action of C™ on C" has an 
open dense set of Siegel leaves: copies of C™ embedded with a unique point of 
minimal distance. These points of minimal distance parameterize the space of 
Siegel leaves, which is a smooth real submanifold of C" of real codimension 2m, 
with a rich geometry and topology. 

These are all examples of foliations that carry the Morse structure of the 
function on C" given by {zi, • • • , 2„) ^ jzip + • • • \zn\'^. 

Recall that every point in M is a critical point of the restriction gc of g to 
the corresponding leaf. 

Definition 1.6. Assume that a point z G M* := M \ {0} is a non degenerate 
contact. Then define its Morse index relative to T to be the Morse index at z 
of the restriction of g to the leaf that contains z. 

Since the leaves have real dimension 2(i, a 'priori the possible Morse indices 
go from to 2d. However, not all these indices are actually possible, because 
the fact that the foliation is holomorphic imposes certain restrictions. In fact 
just as in [21j or in [1], it can be shown that there are no critical points in the 
leaves of index greater than d. 

Examples 1.7. i) Given integers p, g > 2, let be the vector field defined by 

F{zx,Z2) = {qz^'~^,pzf~^) . 
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Its integral lines are the level curves of the map (zi, Z2) i~> (z^ — z|). In these 
examples the above function Q is Morse restricted to each leaf. There is one 
separatrix, V := {z^ = which is transversal to all the spheres around 0, 
and all other fibres meet the zi-axis at p points and they have q points on the 
Z2-axis. A straightforward computation shows that these are all points with 
Morse index 0. There is a third component of the polar variety M, which is a 
real analytic surface with an isolated singularity at 0: 

M" := {(zi,Z2) e I qzl^^zi = -pz^'^Z2 ; zi,Z2 ^ 0} . 

Each leaf has pq saddles in this surface. As a matter of fact, one can easily 
check that Af ^ is ambient homeomorphic to the separatrix V. That is, there is 
a homeomorphism of carrying M~ into V. We do not know whether this is 
a coincidence or a special case of a general theorem. 

ii) Consider now the vector field F{zi, z^) = (gz^"^, 2zi) , q > 2. Asides from the 
separatrix V = {z^ = ^2}^ each leaf sufficiently near V has 2 points of minimal 

q 

distance in the zi-axis and q saddles in the Z2-axis. When \t\ = ' ^ the 

leaves f~^(t) have degenerate contacts. This happens because a new component 
of M appears, this is the singular variety 

M" = {qzl^^zi + Z1Z2 = 0; zi, Z2 7^ 0} , 

which does not pass through 0, so we do not see it when we are near the origin. 
As we consider leaves which are further away from V ^ each leaf has 2 minimal 
points in the zi-axis, as before, but they now have q minimal points in the 
Z2-axis and new singularities appear: each leaf has 2q saddles along the surface 
M~ . Thence we see that even though all fibres f^^{t) are diffeomorphic for 
t ^ 0, yet, the way how they are embedded in bifurcates as we pass from 

q 

fibers inside the Milnor tube of radius ' , to fibers outside this tube. 

iii) For the linear vector field (— Z2,zi), whose integral lines are the fibers of 
the map zf + z|, the polar variety is a set of real dimension three and each 
leaf £ — f~^{t) has a curve of critical points, all of them degenerated contacts 
with a sphere. Yet, in |12| is proved that every linear foliation can be arbitrar- 
ily approximated by linear foliations having only non-degenerate contacts (see 
Section [S] below). 

We remark that the same type of observations done above for foliations 
defined by a polynomial / = z^ — Z2, q > 2, apply also in higher dimensions to 
all foliations defined by Pham-Brieskorn polynomials of the form: 

/(zi, • • • , z„) = z? + z°^ + • ■ • + z°" , a, > 2 . 

This was first observed in ;13) for certain cases. 
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2 Generic contacts and smoothness of the polar 
variety 

Our first result is the analogous in our setting of a classical result for polar 
varieties (compare with [HI 115) ): 

Theorem 2.1. Let T and g : U R be as above, W C C. Let M be the 

polar variety of J" relative to g and M* :— M \ {0}. Then J- carries the Morse 
structure of g if and only if M* is a smooth, reduced submanifold of C" of 
codimension 2d and M* is everywhere transversal to T . 



The following lemma proves one side of Theorem 12.11 

Lemma 2.2. // T carries the Morse structure of g, then M* is a smooth, 
reduced, real submanifold of C" of codimension 2d and M* is transversal to T 
everywhere. 

Proof. Let z in W and consider a foliated chart U' around z with holo- 
morphic coordinates (zi, Z2, . . . , z„), such that the leaves of T are locally given 
by: 

{^d+l — Cd+1, • • • , 2„ = C„}, 

where the ci are constants. Thus we can consider gc,^ in [/' as a function of 
(zi, . . . , Zd), or equivalently of the real coordinates (zi, zi, . . . , Zd,'zd). Then the 
Hessian of gc^ at z looks like 



i/(z) :=i/ess(g£j(z) 
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G(z) = (Gi,o(z),Go,i(z),...Gd.o(z),Go,d(z)). 



Then M is locally the zero set of the functions {Gj^o(z), Gqj (z)}i<j<c; and their 
jacobian is 

\ 
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Observe that the submatrix formed by the first 2d columns of D2,G{z) is the 
matrix H{z). Since T carries the Morse structure of g, DzG(z) has maximal 
rank 2d; therefore M* is defined locally as the inverse image of a regular value 
of the functions {Gjfl{z), GQj{z)}i<cj<d- Hence it is a reduced real submanifold 
of codimension 2d. 

On the other hand, consider the vectors Vj = (0, . . . , 0, 1, 0, . . . , 0) which 
correspond to the canonical basis of M^" with respect to the coordinate system 
(zijZi, . . . , z„, z„). The set {vj}i<j<2d forms a basis of the space T^Cz for all z 
in M* OU' . If we apply D^G to the vector Vj we see it equals the jth column of 
the matrix D^G. Since D^G has rank 2c? we have that the tangent space T^Cz 
is a direct sum complement of the kernel of D^G. Moreover the intersection 
between T^Cz and ker{DzG) is trivial. Hence T^Cz and M* have a transversal 
intersection. □ 



The lemma below completes the proof of Theorem 12. II 

Lemma 2.3. Let M* be a real submanifold of C" of codimension 2d, reduced, 
and assume M* is transversal to J- everywhere. Then T carries the Morse 
structure of g. 

Proof. Let us take (zi,zi, . . . , 2:„,z„) and G as in the proof of the previous 
lemma. Recall M = G'~^(0). By hypothesis, M* is a reduced, real submanifold 
of dimension 2{n ~ d) in R^", hence DzG has rank 2d. 
Assume vo in R2rf is 

different from zero and define Wq := (vq, 0) in R^" for 
an appropriate coordinate chart as above. Then, as before, Wq is an element of 
TzCz and the matrices DzG and H{z) are related by DzG = {H{z),A), where 
A is a real matrix of 2d x 2(n — d); thus, DzG{wo) = H{z){vq). By hypothesis, 
the spaces £z and M* have a transversal intersection. Thus the vector Wq is 
not in the kernel of DzG, for dimensional reasons. Hence iJ(z)(vo) is different 
from zero. Since this happens for all Vq not equal to zero in R^*^, we have that 
H{z) is non singular. Therefore gc^ is non-degenerate. □ 

Remark 2.4. Usually, when we speak of "submanifolds" in differential topology 
we mean "reduced submanifolds". Yet, the example below shows that this can 
be misleading and one must take care of the algebra behind the screen. This is 
why we added the word "reduced" in the statement of Theorem 12.11 

Consider the foliation on R^ given by the fibers of the map {x,y) +y. 
Its leaves look like parabolas, but not quite. Consider now the contacts of this 
foliation with the foliation given by the lines {y — constant}. Then the polar 
variety is 

M ^{{x,y) eR2|a;3 = 0}. 

So this is just the y-axis, as a set, which of course is a smooth submanifold of 
R^. Yet, in this case the y-axis comes with multiplicity 3; it is the preimage of 
the critical value of the map x^ in R^, and the contacts are all degenerate. 
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Remark 2.5. In [TO] Haefliger noticed that if X is a complex manifold, of 
dimension say n, ^ is a holomorphic regular foliation (i.e., with no singularities) 
of dimension d, 1 < d < n, and A'' is a smooth differentiable submanifold of X 
of real dimension 2n — 2d, which is everywhere transversal to ^, then a foliated 
atlas for ^ determines a canonical complex structure for M . This comes from 
the fact that a holomorphic foliated atlas for ^ can be given by a locally finite 
collection {Ua, T,a,Pa) satisfying certain compatibility conditions, where the Ua 
form an open covering, the Sq, are discs of dimension 2n — 2d in X , transversal 
to ^, and the are local submersions Ua — >■ whose fibres give the plaques 
of ^. Since the manifold N is transversal to ^, we can take the discs as 
forming an atlas for N, and therefore the transversally holomorphic structure 
of ^ determines a holomorphic structure for N. Hence if T is as above and it 
carries the Morse structure of g, then the polar variety M* inherits from T a 
canonical complex structure. 

Remark 2.6. Notice that the previous discussion holds with minor modifi- 
cations for Morse functions on U with arbitrary Morse index at 0. We have 
restricted the discussion to functions with Morse index because their level 
surfaces are spheres that bound a compact region around 0, and we are in- 
terested in studying the topological and geometric behaviour of holomorphic 
foliations near 0. 

Example 2.7. Consider the vector field F{z) = (Aiz°^-[J' , . . . , A„z"^^'J-' ), where 
cr is a permutation of {1, . . . , n} and ak > 2 for all k. Let T be the foliation 
defined by F and Q(z) = |zip + |z2p + • • • + |2„p. The corresponding polar 
variety M = M{J-, Q) is defined by the function: 

In [2S] is proved that this function has as its only critical point, so M is a 
real submanifold of R^" of codimension 2. These singularities are also studied 
in [231 [53] , where it is proved that if the permutation a is the identity, then the 
function / is smoothly equivalent to a Pham-Brieskorn singularity. Hence in 
|26| these singularities are called twisted Pham-Brieskorn singularities. 

Now we study the transversality between J- and M in special cases. 

Case i) Let n = 2 and F{z) = (Aiz^i , A2Z2'). Then 

M = {(zi, Z2) e C^\h{z) := Xizl'zi + X2Z^'Z2 = 0} , 

so M is defined as the zero set of the real functions tp{z) Re{h{z)) and 
(j){z) := Im{h{z)). Notice that a vector v{z) belongs to TzA/ if and only if 
v{z) is orthogonal to the gradient of both V'(z) and 0(z). On the other hand 
{F{z), iF{z)} is a basis of the tangent space of the leaf of containing z. 

Set V^(z) := (^■§^, ■ ■ ■ , and consider the gradient vector field of ?A(z). 
One has: 

2{F{z),V^{z))^^{F{z),gradi;{z))^-i{iF{z),gradxl;{z))^ . (1) 
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Let us set: 
Then, we have: 

{F{z),grad'ilj)^ = 2A + 2ReB , (iFiz), gradip)^^ ^ 2 Im B , 

{F{-i),grad4))^ = -2ImB and {iF{z), gradcf))^^ -2 A + 2 Re B . 

Let Ok and 9\^^ bo the arguments of Zk and A^ respectively. The equations for 

M can be written as: 

|Ai||zipi+^ = |A2||z2r^+' and e^^^i e*("i-^)^i = -e^^^2e*("2-i)e2 ^ 

Then: 

B = ai|Ain^i|2«ie^2^^ie^(2«i-2)«i +a2|A2n22|"'^e^2^^2e'(2«=-2)«= 
= (ai|Ain^i|2«i +a2|A2n^2p"=)e''^^=e^(2«=-2)^^ 

Assume now that F(z) is orthogonal to grad (j). Then 

S = ±(ai|Ai|2|zi|2»i +a2|A2nz2p"^). 

Hence 

{F{z),grad^)^ = 2(1 ± ai)|Ai|2|^i|2«i + 2(1 ± a2)|A2|'|^2|"'^ • 

Thus F{z) is orthogonal to gradip only at the origin. If we develop the equations 
for iF{z) the results are similar. We thus get that is transversal to M in every 
point away from the origin. 

Case ii) Now let F{z) = {XiZ2^ , X2Z^^) . The polar variety is defined by: 

AiZ2^Zl + X2Zi^J2 = . 

Arguing as above we get that if we assume F{z) is orthogonal to gradcj), then: 

(F(z),5rarfV)M = (1 ± ai)|AiP|^2|'"^ + {1 ± a2)\X2f\zi\^"' . 

This product is zero only if z = 0. Similar computations work also for iF{z). 
We get that T and M are transversal away from the origin. 

Case iii) Now consider the following vector field in C^: 

F(z) = {Xizl, X2zl, Xzzl, Xizl) . 
The equation of the polar variety is: 

h{z) := Aiz|zi + X2zlz2 + Xszjzs + X^zlzi = . (2) 
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We claim that for appropriate Aj , the fohation of F is not transversal to M* at 
points of the form (zi, Z2, 23, 0). To see this, assume that F{z) is orthogonal to 
gradij) and grad4> at one of these points. We get: 

- i (F(z),gradV')„ = \Xi?\z2t + + ± 2\\,\^\z2\''\z^\'' 

= lAiPlzal" + |A4pki|* + (1 ± 2)|Ainz2nziP . 

Notice that there are two cases to consider, depending to the ± sign on the 
last term in this equation. It is clear that with the + sign this equation has no 
non-trivial solutions. Yet, it is an exercise to show that the equation with the 
— sign has non-trivial solutions whenever |Ai|^ — 4|A4p > 0. Therefore in these 
cases T is not transversal to M* at points of the form (^1,22,-23, 0). 

3 Contact-analytic foliations 

From now on we assume the Morse function g is analytic on U . 

Definition 3.1. The foliation J- is contact- analytic at with respect to g if the 
germ at of the space M — M{J^, g) is real analytic. 

Examples 3.2. i) If is 1-dimcnsional, then it is defined by a holomorphic 
vector field F, and for the usual round metric M is defined by the analytic 
equations {F{z),z) — 0. Thus it is contact-analytic for this metric. 

ii) If T is given by a holomorphic action of some complex Lie group of 
dimension d with a fixed point at and trivial isotropy away from 0, then M 
is contact-analytic for this metric. 

iii) If J-" has codimension 1 and n > 2, then by Malgrange's theorem [T5] 
it has a first integral. So we can assume it is defined by a holomorphic map 
/. The tangent space of J- at each point z is the kernel of df. We will see in 
Section [5] that T is contact-analytic for the usual metric. 

If the germ of M at is real analytic, then it has finitely many irreducible 
components. By Hironaka's work in [TT], we can always equip a small ball 
around S C" with a Whitney stratification compatible with M, and we can 
further assume that {0} itself is a stratum and every other stratum of M* 
has {0} in its closure. Then Verdier's Bertini-Sard theorem [5S] implies that 
sufficiently near the origin, g has no critical points on M* = M \ {0} in the 
stratified sense (compare with [H]). Then one gets that every stratum of M* 
meets transversally each sufficiently small sphere around {0}, and each irre- 
ducible component of M at is locally a cone over its intersection with a sphere 
small enough around (local conical structure of analytic sets). 

If we assume that T carries the Morse structure of g, then AI* is non-singular 
and we can assume that, after removing 0, each irreducible component of M 
at becomes a Whitney stratum. In this case one has that the gradient flow 
Gm' of (?|m» is transversal to all the ^-spheres, its orbits accumulate at and 
it equips M with the structure of a cone over := AI n Se with vertex at 0. 
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Theorem 3.3. Let T be contact- analytic for the Morse function g and assume 
it carries the Morse structure of g. Let Mi, M^ be the irreducible components 
of the polar variety M . Then: 

i) Each M* :— Mi \ {0} is a real submanifold of C" of codimension 2d, 
transversal to J- everywhere and transversal to all the g-spheres; 

ii) The Mi's are pairwise disjoint away from and each M* consists of 
points with the same Morse index. 

Proof. Item (ii) is the only statement that needs a proof, the other statement 
is an immediate consequence of Theorem 12. II For proving (ii), supose we have 
points pi and p2 in some Mi with different Morse index, and consider an arc a 
in Mi joining these points. Then necessarily exits a point q in this arc which 
is a degenerate contact, because Morse singularities are stable and we cannot 
have a continuous family of Morse singularities with distinct Morse indices. □ 

4 Morse theory and the topology of the leaves 

Recall from Section [T] that given a leaf C of J-, we denote by g^ the restriction 
of g to C. Lemma ll.2l savs that the critical points of gc are the points where C 
is tangent to the level surfaces of g. 

The a-limit of a point z € U under the flow Qj^, is the set q;(z) consist- 
ing of all points y (z U for which we can find a sequence t„ G M, such that 
limt^_)._oo ^c(tn, z) = y. The a-limit of a saturated set is the union of the 
a-limits of points in that set. 

The proof of the following two lemmas is an exercise, and it is exactly as the 
proof of propositions 3.1 and 3.2 in [9 for 1-dimensional foliations. Notice that 
in the case of the usual metric, the gradient flow we consider here is the opposite 
of the radial flow envisaged in that article, so we consider a-limits instead of 
oj-limits. 

Lemma 4.1. // AI carries a Morse structure, then the a-limit of Qjr is the 
polar variety M . 

Lemma 4.2. Let M be the saturated of M by T, i.e., the union of all leaves 
that meet M , and let K := \ M . Then the a-limit of K by the flow Qjr is 
the origin 0, and the a-limit of each z G M is the origin or the point where the 
corresponding flow line meets M . 

Wc now have: 

Theorem 4.3. Assume J- is contact- analytic for g and carries its Morse struc- 
ture. We now restrict J- to a small closed ball centred at G C" . Let M be 
the intersection with Bg of the corresponding polar variety in lA, let M be the 
saturated of M by J- in and set K M . Then: 

1. The gradient flow endows K with the structure of a foliated cone with 
deleted vertex at 0. Ln fact, each leaf C d K is transversal to all the 
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g-spheres around 0, it is diffeomorphic to the product {C fl Se) x M and it 

has the origin in its closure. 

2. If C is compact, then its Euler-Poincare characteristic x{^^) equals the 
number of intersection points in Cf\ M, counted with sign. The sign is 
negative when the corresponding Morse index is odd, and positive other- 
wise. 

Proof. Item (1) follows immediately from the two lemmas above. Item (2) 
follows from the eonsiderations above and the theorem of Poineare-Hopf for 
manifolds with boundary, since the vector field corresponding to the gradient 
flow on the leaves is transversal to the boundary. Hence the Euler-Poincare 
characteristic x{^) equals the total Poincare-Hopf index of this flow on the leaf. 
At each singularity of the flow, the local Poincarc-Hopf index is determined by 
the corresponding Morse index: it is 1 when the Morse index is even (or 0), and 
it is —1 when the Morse index is odd. □ 

Remark 4.4. Notice that if a leaf £ C M is compact, then not only its Euler- 
Poincare characteristic is determined as above, but actually classical Morse the- 
ory tells us that its whole topology is determined by its intersection with the 
boundary sphere and the Morse indices at the points where £ meets M. To 
some extent, this comments apply also for non-compact leaves, but here the 
situation can be far more complicated. 

5 The foliation on the spheres 

Notice that given the germ (^,0) and a small g-sphere S^, the intersection of 
the leaves of F with Sg defines a real analytic foliation on the sphere, which 
is singular at Mg{J^, g) := Sg fl M(J^, g). Away from Mg{T, g) the leaves of J^e,g 
have real dimension 2d — 1. 

Let us assume T is contact-analytic and carries the Morse structure of g. 
Let Ml,..., Mr be the irreducible components of the germ (M, 0). For e > 
sufficiently small, each of these components meets transversally in a smooth 
submanifold of the sphere, called the link Li^g of the corresponding singularity. 
It is well known, by work of Milnor and others (see for instance [?, Theorem 
1.15]) that there exists a homeomorphism of the form: 

(Be, Be n (UMi)) Cone(§e, ULi,^) • 

On the other hand, for all e > e' > small enough we have a diffeomorphism 
sending Sg into and the singular set of J^^,g into the corresponding one for 
J^e',g, (Se,ljiyi,£) = (Se,Uii,£'). Thus, it is natural to ask whether the 
corresponding foliations are topologically conjugate. That is: 

Question 1. Is there a homeomorphism (or a diffeomorphism) from into 

§g carrying the leaves of Tg^g into those of In other words, are these 

foliations equivalent, either topologically or differentiably? 
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The answer in general seems to be negative, though it is positive in some 
settings, as shown by the theorem below. This result is an extension of the 
equivalent theorem in [9] for 1-dimensional foliations. 

Theorem 5.1. // the Morse index of each point in M* is 0, then for all e > e' > 

small enough, the induced foliations on the spheres are smoothly equivalent. 
That is, there is a diffeomorphism 

taking leaves of J-^ into leaves of T^' , where and M^i are the singular sets 
of J> and Te' , respectively. 

Proof. All points in M* have Morse index 0, so they are points of local minimal 
g-distance to in their leaves. Hence every leaf of J-^ near M is compact and 
diffeomorphic to a sphere of dimension 2d— 1. Let be a tubular neighbourhood 
of ilie in §e such that its boundary dV^ is formed by such leaves. 

Let Qm* be the gradient flow ol g\M* ^ as in Section [3] Its orbits accumulate 
at and they are transversal to all sufhciently small ^-spheres. This gives a 
diffeomorphism — )■ M'^ as in [21], which is our starting point for comparing 
the foliation J> with the foliation J>/ for e > e' > 0. The claim (to be proved) 
is that these foliations arc topologically, and actually smoothly, equivalent. By 
compactness, we can assume that e' is close enough to e so that every leaf in 
dVe meets S^' transversally, for otherwise we can take a finite number of spheres 
with £ = eo > £i > ■ ■ ■ > £r = £' fmd apply the following arguments step by 
step. 

Consider the gradient flow Qm- , and for each z g M^, let 7t(z) be the flow 
line of Qm* passing through z. Notice that 7t(z) intersects every sphere S^j, 
e > £t > s', in a single point. We call y(z) the corresponding point in S^'. 
Each point in 7t(z) between the points z and y(z) belongs to a leaf C in T such 
that the intersection £ n is a sphere contained in the interior of the tubular 
neighbourhood V^. Also, each leaf Cq in dV^ corresponds to a point p{Cd) in 
M whose g-distance to is strictly less than e', which is the point of contact of 
Cq with a g-sphere. 

For each leaf Cg in dV^, let p{Cd) be its point of contact in M, as above. Let 
7t(p(£a)) be the flow line through p{£g), let z{Cg) be the point where this arc 
meets and y{jCg) the point where 7t(p(£a)) meets §e'. The points in the arc 
[p{Cg), z(>Co)) in the curve 7t(p('Ca)) determine a 1-parameter family of {2d— 1) 
spheres in S^, nested around the point z{Cd), forming a disc of dimension 
2c?, transversal to M* at z{Cq). Notice that the interval [p{Cg),z{Cg)) is taken 
to be open on the right because the end-point corresponds to the centre of the 
disc. Doing so for all points in we get back the neighbourhood Ve, naturally 
identified with the normal bundle of in the sphere, and each normal flbre 
10^2 is foliated by concentric spheres which are leaves of J>. 

Similarly, the points in the arc [p{Cg),y{Cg)) in the curve ■yt{p{^d)) deter- 
mine a 1-parameter family of (2d — 1) spheres in S^/, nestled around the point 
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y(£a), forming a disc D^^y of dimension 2d, transversal to M* at y{Cd)- Doing 
so for all points in M^i we get a tubular neighbourhood Ve' of M^i in S^/ . 

Let Ce^e' be the cylinder bounded by the spheres and Se'. This cylinder is 

o 

a union of two compact foliated sets Ae^e' , Ve,e' obtained as follows: If is the 

o 

interior of Ve, then Ae^e' is the subset oiCe^e' obtained by saturating Se\ by 
J^. This is a cylinder foliated by the leaves of T intersected with Ce^e' ■ Each leaf 
in Ae,e' is transversal to all the ij-spheres of radius r with e > r > e'. The set 
Ve,e' is the compact neighbourhood of M OC^.e' in C^^e', obtained by saturating 
Ve by J^. Notice that the intersection of these two sets Ce^e', 'Ve,e' is exactly the 
subset obtained by saturating dV^. 

Let us prove now that the foliations J-^ and J>' are smoothly equivalent. 
We do it in pieces, first on Ae,e'- Let Qjr be the gradient flow on the leaves 
in Ae,e'^ defined in Section |4l This is a smooth fiow on all of Ae,s', with no 
singularities, and its fiow lines are transversal to all the spheres. This determines 
a diffeomorphism 

that carries leaves of 7> into leaves of 7>/ . 

Notice that H defines a diffeomorphism from dVe into dVe' . We now extend 
H to the interior of these neighbourhoods. Recall that a diffeomorphism is 
already given between and M^' and it is defined by the gradient fiow Qm* ■ 
For the moment, denote this map by h. This is compatible with H in the sense 
that if Ve and V^' are identified with the unit disc normal bundles of and M^' 
in the corresponding spheres, then for each z G M^, iJ is a bundle map between 
the corresponding sphere bundles. That is, for each z G Mg, H carries the 
boundary of the normal disc IS^^ i^ito the boundary of the normal disc B^^jfj.-)- 
Thus we denote h also by H. 

It remains to extend H to the interior of the normal discs > '^'^ h{z) ' ^-'^'^ 
we have already defined it on M* in a compatible way. Recall that each such disc 
is foliated by spheres and these are parameterized by an arc [p(£a), z(£a)) , con- 
tained in an integral line of the gradient fiow on M* , where Cg is the boundary of 
the disc D^^, p(£a) is the point where the leaf of J" that determines Cq meets M, 
and z = z(Cd) is the point in whose normal fibre is determined by Cg. Sim- 
ilarly, the disc Hiz) parameterized by the arc [p{Cg),H{z)) C [p{Cg),z). 

Choose a smooth family of diffeomorphisms, parameterized by Mg, that 
carry each interval [p(£a),z) into the corresponding interval [p(£a), 7?(z)) . 
This determines which sphere in each D^^; go^s to which sphere in D^^^.^^. 
The rest is now an exercise, using that the diffeomorphism is already given on 
the boundary of each disc. For this we construct integrable vector fields on 
Ve and Ve', which are tangent to each disc U^z, h(z)^ transversal to each 
leaf (sphere) in these discs, and singular at the center of the corresponding 
disc. These vector fields can be regarded as being families parameterized by the 
points in Me and Me' respectively, of radial vector fields on each normal disc 
ro^z, ^(^2.)- These vector fields give us a natural way for extending the given 
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diffeomorphisms 



to the interior of the discs, carrying leaves of J^e into leaves of J^' . 

We thus get an extension of 77 to a diffeomorphism {§}^,M^) -> {§^r,M'^), 
taking leaves of J> into leaves of , 

□ 



6 Codimension one foliations 

We now restrict the discussion to codimension one foliations. We assume further 
that J' has a first integral near 0, so there exists a holomorphic map-germ 

(C",0) A (C,0) such that near 0, the leaves of are the fibers of /. By 
Malgrange's theorem in [T5], this hypothesis is a restriction only when n — 2. 

Our first task is to find a suitable set of generators for the tangent bundle TJ^ 
of T away from (to include the origin we must speak of the tangent sheaf). 
For instance, if n = 2, then the holomorphic vector field F — {-§^^~-§^) 
satisfies df{F{z)) = for all z ^ U. Since TJ' is 1-dimensional, we have that F 
determines a basis for at all points inU \ {0}. 

For n > 2 one has that the tangent sheaf of T may not be locally free. 
Thence, generally speaking, we need more than n — 1 germs of holomorphic 
vectors fields to generate TJ-. The proof of the following lemma is an exercise: 

Lemma 6.1. Consider the vector fields 

vj.ki^) (^0,...,0,^(z),0,...,0,-^(z),0,...,0^ , 

where the entries and — ^(z) are in the jth and kth position respectively. 

Then {vj^k}i<j<k<n 'is a set of generators of each tangent space T^C^, for all 
zeU\{0}.~ 

Of course this lemma is giving us too many generators, which can be un- 
satisfactory in some sense. Yet, these vector fields are so simple and canonical, 
that they lead to nice expressions for the polar variety of M. This will be useful 
in the sequel. 

As before, let M{F,g) be the polar variety of T with respect to a Morse 
function g with Morse index at 0. We have: 

Proposition 6.2. The variety M{J-,g) is defined by the equations 

dg_df_ ^ dg_df_ 

dzk dzj dzj dzk ' 

for all j^k m {1, . . . , n}. Hence, if g is analytic then J- is contact- analytic with 
respect to g. In particular, for Q{zi, 2;„) = |zip + ... + |z„p we obtain: 
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Proof. Notice that the last two statements in 1 6. 2 1 follow from the equations ([3]), 
so we only need to show that these equations actually define M. Since / has 
an isolated critical point at 0, given a point z in C"\{0} one has §^{z) / for 
some j. Let C be the leaf of J- containing z. Then the implicit function theorem 
says that there is a neigborhood U' of z where, on the leaf C, the coordinate 
function Zj depends holomorphically on the other variables. Deriving implicitly 
the equation /(z) = c wc find: 



at all points in U' D C. Using this to find the critical points of gc we obtain the 



We know from the examples in II. 71 that there are foliations that have degen- 
erate contact points for the function Q{xi,yi,X2,y2) = x\ + yl -\- x\ + y2, as for 
instance the foliation defined by the polynomial map /(zi,Z2) = zl + z|. Yet, 
in these example one can easily destroy the degenerate contacts. For instance: 

Examples 6.3. Assume QA{xi,yi,X2,y2) — aix\ + biy\ + 02X2 + ^22/2 where 
ai, 61, 02,^*2 are positive real numbers, and consider the foliation J- defined by 
the function /(zi, Z2) = zf + z|. The polar variety is the set defined by 

AI~{{zi,Z2) G \ Z2[aiRe Zl — ibilm Zl] ^ zi[a2Re Z2 — ib2lm Z2]} ■ 

If we have ai > 02 and hi > 62, then the polar variety is formed only by 
the two coordinate axis, all contacts are non degenerate and each leaf has two 
saddle points on the zi-axe and two minimal points on the Z2-axe. Analogous 
statements hold for ai < a2 and 61 < 62. 

Notice that in this example the foliation J- is determined by the linear form 
df — 2zidzi + 2z2dz2- In [T^], T. Ito and B. Scardua prove: 

Theorem [Ito-Scardua]. Every linear foliation J- on C" can be arbitrarily ap- 
proximated by foliations that carry the Morse structure ofQ. 

Let us consider now homogeneous foliations of degree more than 1. This 
means, by Malgrange's theorem, that the foliation Tik is defined by the differ- 
ential of some homogeneous polynomial of degree more than 2. The simplest 
case is: 

Theorem 6.4. Let HJ! be the Fermat polynomial Aizf + A2Z2 + • • • + ^nZn- If 
k > 2, then the foliation Tik defined by the fibers of HJ} has a Morse structure 
compatible with the quadratic form Q — |zi|^ + |z2p + • • • 4- |zn|^; md the 
corresponding polar variety consists of a finite number of complex lines through 
the origin. 

That Hk has a Morse structure compatible with the quadratic form Q is an 
immediate consequence of Theorem 1 and the two propositions below. Notice 
that the claim that M is a union of complex lines was proved in |12) for linear 
foliations 



dzk 




desired equations by a straight-forward computation. 



□ 
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Proposition 6.5. Let iJ^ = ^iZi + A2Z2 + • ■ • + A„z,^. If k > 2 then away from 
0, the polar variety M = M(T-Lk,Q) is a dijferentiable reduced suhmanifold of 
R^", of dimension 2. 

Proof. For simplicity assume z\ 7^ 0. In this case, the set of vectors 

V2 = (A24-\-Ai0f-\O,O,...,O) 
V3 = {X3zt\0,-Xizt\0,...,0) 



forms a basis of T^jCz- Then the polar variety is defined by the equations 



G,(z) := Aizf %-X,z 







(4) 



for all j 
for all j 



2, . . . , n. In other words, M is the zero set of the real equations: 

i;j{z) := 2ReGj{z) and (pjiz) := 2ImGj{z) 
2, . . . , n. We set $ := {ip2, 4'2, ■ ■ ■ , iM, (pn)- Notice one has: 

1 



dzi 
dzi 



dzi 



dzi 



.fc-2- -r -fe-i 
Zj ~ '^jZj 



Xiik-l)zf- 

-Aj(A;- 1)4-2^1 + AiJ^-i 







A_i(fc-l)zr%-A,z; 
-Xj{k-l)z']-^zi+Xizt^ 


i[Ai(fc-l)zf-%- + A,z^*-i] 
i[-Xj{k - l)z^-^zi -Xizt^] 


i[-\{k - i)z^^-^zj - Xjz';-^] 

i[Xj{k-l)z^-^zi + Xizt^] 







Xjz'; \ c,(z) 



i=j 

l = 1 
l=j 

1=1 
1=3 

l = 1 

l = J 

= Xj{k - l)z^~'^zi and 



Set aj(z) := Ai(fc - l)zf 5j(z) 

(i(z) := Aiz^"^. Then the jacobian matrix D$ is (we omit writing the variable 
z for simplicity): 



/ 02-62 -62 + 02 -C2 + d-C2 

i[a2 + b2] i[— 62 — 02] i[— C2 — rf] i[rf + C2] 

a3-6_3 -63 + as 

«[a3 + 63] ^[-63-03] 



dn - bn -bn + CLn 

V i[an + bn\ i[-bn-an\ 











-C„ + d- Cn 

i[-Cn - d\ i[d + Cn] I 
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To prove that D$ has rank 2n — 2 consider its submatrix i?„ obtained by 
ehminating the first two columns of Then Proposition 16 . 51 follows from the 
following lemma. □ 

Lemma 6.6. Let Bn he as above. Then: 



det(i3„(z)) - (2j)"-il][|rf(z)|2-|c,(z)|2] = (2i)"-V(z)[2fc-fc2]™, 

for some positive integers p{z), m. Hence the matrix Bn{z) is invertible when 
k>2. 

Proof. The proof is by induction. Assume n = 2, then the determinant of B2 is 



det{B2 



-C2+d d-C2 
~C2 — d d + C2 



2i|dp - 2i|c2 



Now we assume that every matrix i?„_i as above, in n — 1 variables, satisfies 

{;z2[\d\'-\c,\ 



det{Br,-i) = (2i)"-2n"r2 [MP - |cjf ], and we let B„ be 



B„ 



I —C2 + d d- C2 

—ic2 — id id + ic2 







V 










_ 

-C3 + d d-C3 

-ic3 — id id + ics 



\ 






d d — Cn 
id id + icn I 



Using the last two columns to evaluate the determinant we get: 



det(B^) = 2i{\df - |c„p]det(B„_i) 



where 



Bn-\ 



-C2 + d d — C2 

-ic2 — id id + ic2 










'C3 + d 






d-C3 



—ic3 — id id + ic3 



-Cn-l+d^ d-Cn-l 

-icn-i — id id + icn-i / 



Then the induction hypothesis implies. 



(iet(i?„) = 2z[|(i|2-|c„|2](2z)"-2 J][ 

3=2 



{2ir-'l[[\d\^-\c,\'], 

J=2 
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proving the first statement in the lemma. 

Now choose the indices {1, • • • ,n} appropriately, so that zi, Z2, ■ ■ ■ , ^ 
and Zm+\ = ■ ■ • — 2,1 = 0, for some m > 1. Notice that c_, (z) = for all j > m, 
and (i(z) ^ 0, so we have: 

m 

det(i?„) ^ (2^r-l|dp("-'") niMP - Ic,f ] . 

Recall the points of M satisfy the equation |31 that can be seen in norms as 
|Ai||zi|'^-2 ^ lAj llzjf -2 foj. j^ii ■ jjence: 

|dp-|c,f ^ |Ainzi|2('=-i)-(fc-l)2|Ainzj2(fc-2)|^^|2 

= |Ainzi|2('=-l)(l-(fc-l)2). 

Therefore the determinant of Bn takes the form 

m 

dei(B„) = (2i)"-i(|Ai||zi|'=-i)2("-"')[]|Aip|zi|2('=-i)(2fc-fc2) 

= (2i)"-i|Aip"|zi|2('=-i)"[2fc - ^2]"' 

completing the proof of the lemma. □ 

Proposition 6.7. Let = XiZi + A2Z2 + ■ • • + ^nZn and k > 2, then the 
intersection ofHk and M* is transversal everywhere. 

Proof. Assume zi ^ and let ipj , (jjj and Vj be as in the proof of Proposition 
16.51 for j = 2, . . . , n. The vectors {w2, iv2, ■ ■ ■ ,Vn, ivn} form a basis of T^Cz as 
a vector space over R. Notice that the leaf is not transversal to M* at z if 
and only if there exists a vector v in Tz>Cz orthogonal to grad(pj and grad^pj 
for all j = 2, . . . , n. 

Let V be as in Section [51 so for each j one has V'(/'j(z) = (^^j • ■ • j • 
Then: 

2(i^(z),VV'(z))^ = {F{z),grad^j{z))^~i{iF{z),grad4,{z))^ . 

Remember that Vj belongs to T^M* if and only if the products {vj, gradipi)^ 
and {vj,grad4>i)^ are zero for all I = 2, . . . ,n. In particular we consider the 
case I = j. We set: 



Bj := {k - l)[AiAjz|-izjzf-2 + X^X^z^-^ziz';-^' 

Then: 



{'"3 ' )c = -Aj + Bj and {vj , V0j )j, = + iB^ 

Hence: 

(wj , grad ipj)^ = —2 Aj + 2 Re Bj , {ivj , t/rad V'j )r = ~ 2 /m _B 
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{vj, grad(j)j)^ = — 2ImBj and {ivj, grad(j)j)^ — 2 Aj + 2ReBj . 

Now, using the equation lAiUzil*^^^ — |Aj||zj|'^^^ and the polar decomposition 
of Bj we get: 

Bj - (fc - l)[|Ai||A,||z,f Izil'^-^ + |Ai||Aj||zihz,f -2]e'('^i+''^.)e'('=-2)(«i+^^) 

= (fc - l)[|A,f |z,f ^ |;^^|2|^^|2fe-2jg»(e.,+0.^.)g^(fe-2)(ei+e,) ^ 

Assume Vj is orthogonal to grad(f)j, i.e., —ImBj ~ 0, then 
= ±(fc - l)[|A,nz,f + lAiHzip'^-^] . 

Therefore, 

(^^gradV-.V = 2 (lA.flz.f^-^ + |Aip|zip'=~2)[-l ± (fc - 1)] . 

Since zi 0, we must have {vj, gradtpj)^ 0. Similar computations work also 
for ivj{z). Hence we get that, for all j, neither Vj{z) nor ivj{z) are in T^M, so 
we arrive to Proposition 16. 71 □ 



To complete the proof of Theorem 16.41 we must show that the polar variety 
M consists of a finite number of lines through the origin. From Proposition 
16.51 we know that M has real dimension 2, it is smooth away from and it 
is analytic at 0. The result will be proved if we show that M is a union of 
complex lines. This is a consequence of the fact that M is defined as the zero 
set of polynomials of the form Pj,i{z) := ^^zi — ^^Zj, with homogeneous 
(in the complex sense) of degree k — 1. □ 

Now consider an arbitrary homogeneous polynomial h of degree fc in n com- 
plex variables, with a unique critical point at € C", and its corresponding 
foliation H. Let C be the space of coefficients of homogeneous polynomials of 
degree fc in n complex variables. The general homogeneous equation of degree 
fc in n variables is: 



J2 



^ai , ■ ■ ■ ,a„ -^1 
aiH \-an—k 



The polynomials defining hypersurfaces in C" with non-isolated singularities 
correspond to a Zariski closed subset of C. Hence its complement J7 is connected, 
and therefore every homogeneous polynomial of degree k in n complex variables 
with a unique critical point at S C", is isotopic to a Fermat polynomial 
HJ! :— z^ + ... + z^. Then there exists an isotopy I of C", fixing the origin 
0, carrying the foliation H oi h into the foliation Hk of HJ! , which carries the 
Morse structure of the quadratic form Q, by Theorem 16.41 We obtain 



Corollary 6.8. Let % be a codimension 1, homogeneous holomorphic foliation 
germ in C". Then % is isotopic to the foliation T-Lk of , and therefore carries 
a Morse structure compatible with a Morse function isotopic to the quadratic 
form Q. 
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The results in this section, together with the aforementioned theorem of 
Ito-Scardua and other known facts, suggest the fohowing: 

Conjecture. Let 7^ be a holomorphic fohation in an open neighbourhood U of 
G C", singular at 0. Then there is an open set Q in the space of all Morse 
functions with a critical point at with Morse index 0, such that for every 
g & G, the contacts of T with the fibers of g in a neighbourhood of are all 
non-degenerate. 

Acknowledgement. The authors are grateful to professors Alberto Verjovsky, 
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